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CHAPTER -1
INTRODUCTION



STABILITY OF HYDRODYNAMICAL SYSTEM

As every system in nature is subject to many small perturbations, the investigation of
stability of a physical system is of great importance. For an equilibrium state or a steady flow
to be of permanent type, it must not only satisfy the mechanical equations but must also be
stable against the arbitrary small perturbations. A large body of theoretical work by Lin
(1955), Chandrasekhar (1981), Joseph (1976), Drazin and Reid (1981), Gershuni and
Zhukhovitskii (1976) has been developed in an attempt to understand and predict phenomena
of stability or instability.

Consider a hydrodynamic system in a stationary state i.e. one in which the variables
defining the configuration are not function of the time. To investigate its stability, we must
determine the reactions of the system to arbitrary small perturbations. If the perturbations
gradually die down or if the system never departs appreciably from this stationary state, the
system is said to be stable. If the perturbations grow with time or if the system departs more
and more from initial state, we may say that the system is unstable. If the system neither
tends to return to its initial position nor departs from its disturbed position, the system is said
to be in neutral equilibrium. Clearly, a system 1s unstable even if there is only one special
mode of disturbance with respect to which it is unstable and a system is stable unless, it is
stable with respect to every possible disturbance to which it can be subject. The locus which
separates the stable and unstable state defines the state of marginal stability or neutral
stability.

The equations of motion and boundary conditions are usually expressed in non-
dimensional form involving a number of dimensionless parameters R;, R,,.....e.g the
Reynolds number, the Rayleigh number, the Taylor number etc. The stability of the system
can then be examined in various stages by treating all the parameters except one, say R;, as
constant. If there exists a valueR; of this parameter which separates state of stable
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equilibrium from those of unstable equilibrium the state corresponding to the critical value
R is called a state of neutral or marginal stability.

For the mathematical treatment of a problem, generally we start from an initial flow
which represents a stationary state of the system. By supposing that various physical
variables describing the flow suffer infinitesimal increments, we first obtain the equations
governing these increments. In obtaining these equations from the relevant equations of
motion and boundary conditions, we neglect all products, square and higher powers of the
increments and retain only those terms which are linear in them. The equations so obtained
are called linearized perturbation equations and the theory derived on the basis of such
linearized equations is called linear stability theory.

If perturbation quantities vary as

e\k,x +ik y ¢ nt

PR YAN . . .
where k= (ki + k;) is the wave number of perturbation and n is, in general, a complex

constant. It is related to wavelength A by the relation
A= 2n/k
The relation between n and k is called dispersion relation. The parameter n is function of k
(wave number) and other parameters defining the system. If the value determined for n by the
dispersion relation is:
1) Real and negative, the system is stable.
1) Real and positive, the system is unstable.
111) complex, say
n = n,+ in; , where n, and n; are real and
(a) n;<0, the system is stable.

(b)n>0, the system is unstable.



(¢) n; = 0, n; # 0, the modes are oscillatory.

If in a given problem it can be established that n is real, then n = 0 will separate the
stable and unstable modes and we can study the marginal state by putting n = 0. This is called
“principle of exchange of stabilities”.

If n = in; and at the onset of instability, the modes are oscillatory with increasing

amplitude, we have the case of overstability.

THERMAL INSTABILITY

The problem of the onset of thermal instability in horizontal layers of fluid heated
from below is well suited to illustrate many facts, mathematical and physical, of the general
theory of hydrodynamic stability.

Consider a horizontal layer of fluid in which an adverse temperature gradient is
maintained by heating it from below. The temperature gradient thus maintained is qualified
as adverse since, on account of thermal expansion, the fluid at the bottom will be lighter than
the fluid at the top and this is a top-heavy arrangement which is potentially unstable. Because
of this instability, there will be a tendency on the part of the fluid to redistribute itself and
remedy the weakness in its arrangement. However, this tendency on the part of the fluid will
be inhibited by its own viscosity. Hence, a certain critical temperature gradient must be
exceeded before the instability can manifest itself.

Bénard (1900) performed the experiments on the onset of thermal instability in fluids
and established two facts:

1) a certain critical adverse temperature gradient must be exceeded before instability can
set in.

i) The motions, which ensue on surpassing the critical temperature gradient, have a

stationary cellular character.



Lord Rayleigh (1916) gave the theoretical foundations for a correct interpretation of
above facts and showed that, what decides the stability or otherwise, of a layer of fluid heated

from below is the numerical value of the non-dimensional parameter

4
R = 8oBd
VK

(1)

Here R is called the Rayleigh number, 8 (= | dT/dz |) is the uniform temperature gradient
which is maintained, g is the acceleration due to gravity, d is the depth of the layer and a, ,
v are the coefficients of volume expansion, thermal diffusivity and kinematic viscosity
respectively. Rayleigh showed that instability must set in when R exceeds a certain critical

value R, ; and that when R just exceeds R, a stationary pattern of motion must come to

prevail. This is the Bénard convection or thermal instability problem.

BASIC EQUATIONS OF HYDRODYNAMICS FOR THERMAL INSTABILTY

For a general treatment of the problem of thermal instability, we need the basic
equations of viscous fluid dynamics. Let p,p,T,v (u,v,w) denote respectively the fluid
pressure, fluid density, fluid temperature and velocity of the fluid.
1) EQUATION OF CONTINUITY

The equation of continuity representing the conservation of mass is
op /- -
= +(WVp+pVi=0. (2)
ot
For incompressible fluid, the equation of continuity reduces to
Vi =0. )

1) EQUATION OF MOTION

The equations of motion are

p[g + (V.V)V} =-gradp+pg+ %M grad div v +pV’v, )



where g is the acceleration due to gravity which is external force acting on the fluid.

For incompressible fluid, equation (4) reduces to

p[% + (V.V)?f} =—grad p+pg+uv’v. (S)

These equations are called Navier-Stokes equations and are three in number. Here p is the

coeflicient of viscosity.
i11) EQUATION OF HEAT CONDUCTION

The law of conservation of energy leads to the equation of heat conduction
p[% + v.v}(cvr) =—pdiv v+ V(KVT)+9, (6)

where C, is the specific heat at constant volume, T is the temperature, K is the coefficient of

thermal conductivity and ¢ is the viscous dissipation function given by
6= 2pel -2 pe’ ™
Hej — S He,

: 1{ov, OV,
where ¢;; = rate of strain tensor =—| — + —~

For incompressible fluid, equation (6) reduces to

o . 1
—+VV [T=xV*T+— 8
[& Y } “ pCvd) ®

K= %is the thermal diffusivity and ¢ = 2 (e;)”.
pC,

iv) EQUATION OF STATE
The equation of state, for substances with which we shall be principally concerned, is
p=po[l —a(T - To)], )]

where T, is the temperature at which p = p, and a is the coefficient of volume expansion.



BOUSSINESQ APPROXIMATION

The density may be treated as a constant in all terms in the equations of motion
except in the external force. This is the Boussinesq approximation. The equations of viscous,
compressible fluid dynamics are quite complicated but if we apply the Boussinesq
approximation, the equatiohs become simplified considerably.

The situations (when equations get simplified considerably) occur when the
variability in the density and in the various coefficients is due to variations in the temperature
of only moderate amounts say 10°. The origin of the simplifications in these cases is due to
the smallness of the coefficient of volume expansion a. For gases and liquids such as we
shall be mostly concerned with o is in the range 10 > to 10 . If the temperature variations do
not exceed 10°, the variations in density are at most one percent. The variations of this small

amount can be ignored. But the density changes in the external force term pg in the equation

of motion cannot be ignored as |§|~ 10°cm/sec?, this is because the acceleration resulting

from (6p)Xi = aATX; (where AT is a measure of the variations in temperature which takes
place)can be quite large, larger than, for example, the acceleration due to the inertial term
u; Oui/Ox; in the equation of motion. Under the Boussinesq approximation, the basic

hydrodynamical equations are:

EQUATION OF CONTINUITY
(?Vj
ATy (10)
axj
EQUATION OF MOTION
%+vjﬁ:~iﬁ+ 1+@— X, +vViy,, an
at axj o i po

where p, is the density at some properly chosen mean temperature T, and

dp = —po o (T -T,), (12)



and v =p/p, denotes the kinematic viscosity.

EQUATION OF HEAT CONDUCTION

%+VJ@XQ:KV2T, (13)

J

where x = K/p,C, 1s the coefficient of thermometric conductivity.

PERTURBATION EQUATIONS

Consider an infinite horizontal layer of fluid in which a steady adverse temperature
gradient B is maintained, further, let there be no motions. The initial state is given by

vi =0 and T = T(A;x)), (14)
where A =(0,0,1) is a unit vector in the direction of the vertical. We have the following set of

hydrodynamical equations in the initial state.

u=v=w=0

P = Po —8Po [Aixit % Aid i xj] > (15)
T=T,- B Ajx;

P = po [1 + aPAx]. Y,

After perturbating slightly the initial state, we have the following linearized form of

perturbed hyrodynamical equations.

>, ~
8xj
g )
v, :——L[S—p:l+gaek+vV‘v,, > (16)
ot bl po
_/
@zﬁwwﬂcvze.
ot



where 8p, 8p and 6 are perturbations in the pressure distribution, density and temperature and

w(=A;v;) is the z-component of the velocity.

THE BOUNDARY CONDITIONS

The fluid is confined between the planes z = 0 and z = d. Regardless of the nature of
these bounding surface, we must require

6=0andw=0forz=0and z=4d, (1
because the surface z = 0 and d are maintained at constant temperatures so they can not suffer
any change in temperature and the normal component of the velocity must vanish on these
surfaces. We will now distinguish two kinds of bounding surfaces.

Consider first a rigid surface on which no slip occurs and this implies that not only w,
but also the horizontal components of the velocity u and v vanish

So the equation of continuity gives
%V:— =0, on a rigid surface. (18)

Also it follows that
€ =0, on a ngid surface. (19)
Secondly, consider the free surface on which no tangential stresses act.
ile.  Tg= Ty, =0
Since w vanishes for all x and y on the bounding surface, it follows that

XM __ 0, on a free surface (20)
0z Oz

So the equation of continuity on differentiating w.r.t. z and using (20) gives

2
6_; =0, on a free surface. (21)



.. ov
Also £ (z-component of vorticity) = & -

Qe

&

% =0, on a free surface.

The perturbation equations (16) can be written as

@—:—L—a—6p+vvzu,
o p,
QZ—L—G—GprvVZV,
ot p, 0y
@z—L£6p+vV2w+ga6,
ot p, Oz

du Ov ow
—+—+—=0,

x oy oz
@ZBW-FKVZG.

ot

(22)

(23)

(24)

(25)

(26)

(27)

Operating equations (23) and (24) by —0/0x and —-0/0y respectively, adding and using (26),

we obtain

6{%} 1(0* &° 2(6wj
—| === =5 +=5 Pp+ VvV —
ot oz | p,|0x" oy 0z

Eliminating 6p between (25) and (28), we get

2 2
(Vzw): ga[%?— + %g} +vViw.

Y| ®

Operating (23) by —0/0y and (24) by 0/0x and adding, we obtain

%f—:vvzc,

where ( = g— el 1s the z-component of vorticity.

(28)

(29)

(30)



Equations (27), (29) and (30) are the required perturbation equations whose solutions must

satisfy must satisfy the boundary conditions mentioned above.

NORAML MODE ANALYSIS

We analyse an arbitrary disturbance into a complete set of normal modes and
examine the stability of each of these modes, individually. The analysis can be made in terms
of two-dimensional periodic waves of assigned wave numbers. Thus we ascribe to all
quantities describing the perturbation a dependence on X,y and t of the form

exp[ikxx + ikyy + nt], 31

where

is the wave number of the disturbance and n is a constant. We suppose that the perturbations
6,w and C have the forms
[w, 6.,C] = [W(2), ©(2), Z(z)] exp[iksx + ikyy + nt]. (32)

For functions with this dependence on x,y and t

2 2 2
gzn, aﬁx7+aayz :—k2 and szd—2—k2, (33)
YA

equations (27),(29) and (30) become

2 d? 2
n— -k*|W=-gak’®@+v| —-k* | W
[dzz J go v[dzz ] , (34)
d2
n® =BW +x —z—kzje), (35)
dz
2
nZ = \{d? - kz]z. (36)

The boundary conditions become
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®=0and W=0,for z=0andz=d. 37

and

Z =0 and ddl =0, on a rigid surface
z

2
;E =0 and d \ZV =0, on a free surface (38)
Z

dz

J/
We now transform equations (34)-(36) and boundary conditions (37)-(38) in non-

dimensional variables. Measuring length in the unit d i.e.
x=xd, y=yd, z=27d and let
a=kd and 6 = nd¥v, (39)

where a and o are the wave number and time constant. Equations (34) and (35) become

(D? - a%) (D* - a>~o)W = [g":/dz ]az('), (40)
(D? - a’—p, c)®=—(B:2JW, (41)

where D = d/dz’ and p1 = V/x is the Prandtl number.

The associated boundary conditions are

O=0,W=0for z=0andz=1 (42)
and

DW =0 for z=0and z=1 if both bounding surfaces are ngid. (43)
or

DW=0forz=0and D°W=0 for z=1 (44)

if the bottom surface is rigid and the top surface is free. By eliminating ® between equations
(40) and (41), we obtain

(D? - a%) (D? - a’~o)(D? - a’~ p; 6)W = — Ra’W, (45)
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where

R=5% 4+ s the Rayleigh number
XV
HYDROMAGNETICS

Hydromagnetics is the branch of science which deals with the motion of electrically
conducting fluid in the presence of magnetic field.

Hydromagnetics is the union of two fields of science, namely electromagnetic theory
and hydrodynamics. The systematic study of hydromagnetics started only after 1942 when
Alfvén combined the two subjects by considering the motion of highly electrically
conducting fluid in the presence of a magnetic field. At the beginning, these two branches
were being developed independently of each other. Thus it inherits the richness as well as the
difficulties of the parent subjects. It is a well-known result in electromagnetic theory that
when a conductor moves in a magnetic filed, electric currents are induced in it. These
currents experience a mechanical force, called the Lorentz force, due to the presence of the
magnetic field. This force tends to modify the initial motion of a conductor. Moreover, the
induced currents generate their own magnetic field, which is added on to the primitive
magnetic field. It is this coupling between the electromagnetic and mechanical forces which
characterizes hydromagnetic phenomena.

Equations of motion are

p{g + (\“/.V)?/} = -Vp+pX +nV?V +p grad (div V) - %u grad (div V)5, + 5—;(‘7 x ﬁ)x H,
(46)

where the last term in the equation represents Lorentz force JxB which on using

4n) = CurlH and B = p_Hbecomes (11, / 41t)(V X ﬁ)x H

Maxwell’s equations are

12



o _ V x (Vxﬁ)+ nV’H,
VH=0, (47)

where n is electrical resistivity and v denotes fluid velocity.

NEWTONIAN FLUIDS

Newtonian fluids are those fluids in which there is linear relationship between stress
and rate-of-strain. In other words, the stress components are linear functions of the rate-of-
strain components. The mathematical formulations of the physical assumptions that are taken
to characterize a medium are the constitutive equations. The constitutive equation for an

isotropic, Newtonian fluid is

2
T; = 2pe, “(gjuekksij- (48)

This is the required relationship between viscous stress tensor and rate-of-strain tensor.

VISCOELASTIC FLUID

Viscoelastic fluids are those whose behaviour at sufficiently small variable shear
stresses can be characterized by three constants(i.e. a coefficient of viscosity, a relaxation
time and a retardation time) and whose invariant differential equation of state for general
motion are linear in the stresses and includes terms of no higher degree than the second in the
stresses and velocity gradients taken together.

The Oldroyd constitutive equations (linearized) are given by

Tij = - pdj + 1y, )
0 0
(1.*-)\'5;}:15 = 2u(1+l0 ét—jeij, > (49)
OV,
b2\ ok, ox,
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where Tj, T, €, Oij, 1, A and A, denote respectively the stress tensor, shear stress tensor, rate-
of-strain tensor, Kronecker delta, coefficient of viscosity, stress relaxation time and strain

retardation time.

POROUS MEDIUM

In order to study the flow of fluids through porous media, it is first of all necessary to
clarify that what is understood by the term ‘porous medium’. ‘Porous Medium’ may be
defined as solid bodies that contains ‘pores’ and ‘pores’ are void spaces which must be
distributed more or less frequently throughout the material. Extremely small voids in a solid
are called ‘molecular interstices’ and very large ones are called ‘caverns’. ‘Pores’ are void
spaces intermediate in size between caverns and molecular interstices.

The pores in a porous system may be interconnected or non-interconnected. Flow of
interstitial fluid is possible only if at least part of the pore space is interconnected. The
interconnected part of the pore system is called the effective pore space of the porous
medium. The examples of porous media: towers packed with pebbles, Berl saddles, Raschig
rings, etc; beds formed of sand, lead shot, etc, porous rocks such as limestone, pumice,
dolomite; fibrous aggregates such as cloth, felt, filter paper and finally catalytic particles
containing extremely fine ‘micro’-pores. The porous medium can be arranged into several
classes according to the types of pore spaces which they contain. In addition, pore spaces

have also been classified according to whether they are ordered or disordered.

GEOMETRICAL QUANTITIES CHARACTERIZING POROUS MEDIA
i) POROSITY: It is the ratio of the voids to the total volume. It is denoted by €. It is

expressed either as a fraction of 1 or in percent. The porosity lies between 0 and 1. In

14



solid physics, one often uses, instead of the porosity, the void ratio e defined by

e=—.
I-¢

i1) PORE DIAMETER: The measure of the size of the pores is called pore diameter. This
definition is applicable only when all the pores are spherical in shape unless some
further specifications are made. If one has the flow of fluids through those pores in
mind, however, it will not do to restrict oneself to spherical pores only; the pores must
be visualized instead as rather tube-shaped things. One would than call the diameter of
such a tube the ‘pore-diameter’. It is denoted by 0.

1)) TORTUOSITY: Originally, this was introduced as a kinematical property equal to the
relative average length of the flow path of a fluid particle from one side of the porous
medium to the other. Thus, it is a dimensionless quantity. It is usually denoted by T.

DIFFERENTIAL FORM OF DARCY’S LAW-ISOTROPIC POROUS MEDIA
Darcy’s law, when the separation of the general constant into ‘permeability’ and

‘viscosity’ is taken into account, is expressible as follows:

Q

q= = =~(k,/u)(p, -p, +pgh)/h. (50)

In this form, it applies to horizontal bed of finite thickness h, being percolated by an
incompressible liquid of density p. This form of law has only a restricted use.
Naturally q will become a vector ¢, which is called local filter velocity or seepage

velocity. When h becomes infinitesimal, then equation (50) reduces to

= —(k, /uXgrad p - pg) (51)

q
g is a vector in the direction of gravity (i.e. downward ) and of the magnitude of

where
gravity. However, Darcy’s experiment does not tell us what happens if the permeability and
viscosity are variables. Thus, the coefficient might equally have to be taken into the gradient:
d = ~grad(k,p/u) + k,pg/u (52)

15



or

q =-(k,p/n)grad¢ (53)
where ¢ =gz + jdp/p(p).

is the force potential in which z denotes the vertical coordinate. Consequently, equation (52)

can be written in equivalent form as

q=-—grady (54)
where y =k p/u+ jk,pgdz/u,

is the velocity potential.

Both representations by potentials are valid only if the integrals are univalent.

THE BASIC HYDRODYNAMIC EQUATIONS IN POROUS MEDIA
The theory of porous flow is largely based on a generalization of the empirical
observations of Darcy (1856). Darcy’s law for steady slow flow in homogeneous isotropic

material is given by
—pe+Vp=-H3 55
pg+Vp q (55)
k,
comparing with the Navier-Stokes equations linearized for slow flow
-pg+Vp=nuv:U (56)
It is seen that the Darcy’s law replaces the term
nV2U = div (viscous part of the stress tensor) (57)

with the term

B
k,q

This term is sometimes regarded as giving the force which the porous solid exerts on the
fluid. Equation (57) is unaffected by the addition to U ofa rigid-body velocity field. It
16



depends only on relative velocities. Analogously, we interpret q to be a velocity measured
relative to axes fixed in the porous solid. In the same way that (55) may be said to represent

(56) for slow steady flow, it is useful to assume that

dU - U=
—— =-Vp+ - 58
p dt p+pg qu (58)

The pore average velocity U and the seepage velocity § are assumed to be defined at each
point and are related by the relation
i=¢U (59)

EQUATION OF CONTINUITY

The equation of continuity in porous medium (for compressible fluid) is given by

e‘;—pw-(pq):o. (60)

For incompressible fluid, it is given by
V.3=0 (61)
EQUATION OF HEAT CONDUCTION

The equation of heat conduction is given by

Ip.C. € +p,C,0- O +p,C,GVIT =KV, (62)
or
E%+(€1.V)T =kVT, (63)
where
E=e+(1——e)p‘ * and x= K
.Co P.C,

Here x denotes the thermal diffusivity, K 1is the thermal conductivity and
p,.C.;p,,C. are density and specific heat at constant pressure for fluid and solid matrix

respectively.
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CHAPTER - 11
Thermosolutal Convection in Rivlin-Ericksen

fluid in porous Medium in Hydromagnetics



INTRODUCTION

The thermal convection in a fluid layer in the presence of magnetic field has been
discussed exhaustively by Chandrasekhar (1961). Bhatia and Steiner (1973) have studied the
thermal instability of a Maxwellian viscoelastic fluid in presence of magnetic field while the
thermal convection in Oldroydian viscoelastic fluid in hydromagnetic has been considered by
Sharma (1975)

The problem of thermosolutal convection is of great importance because of its
application to atmospheric physics and astrophysics, especially in the case of the ionosphere
and the outer layer of the solar atmosphere. The thermosolutal convection problems also arise
in oceanography, limnology and engineering.

With the growing importance of non-Newtonian fluids in modern technology and
industries, the investigation of such fluids is desirable. The Rivlin-Ericksen fluid is one such
fluid. Sharma and Kumar (1996) have studied the thermal instability of a layer of Rivlin-
Ericksen elastico-viscous fluid subject to a uniform rotation.

In all the above studies, the medium has been considered to be non-porous. When the
fluid permeates a porous matlerial, the gross affect is represented by Darcy’s law. The
problem of thermosolutal convection in fluids in a porous medium is of importance in
geophysics, soil sciences, ground water hydrology and astrophysics.

Keeping in mind the importance of non-Newtonian fluid in modern technology and
industries, and various applications mentioned above, the thermosolutal instability of a
Rivlin-Ericksen fluid in porous medium in the presence of uniform vertical magnetic field

has been considered in the present chapter.

18



PERTURBATION EQUATIONS

We consider an infinite, horizontal incompressible Rivlin-Ericksen fluid layer of
thickness d, heated and soluted from below so that, the temperatures, densities and solute

concentrations at the bottom surface z = 0 are T,, p,, C, and at the upper surface z = d are T,

p4 and Cq4 respectively, and that a uniform temperature gradient 8 (: |dT/dzl) and a uniform
solute gradient p’ (= |dC/dz|) are maintained. The gravity field g (0, 0,~g) and uniform

vertical magnetic field H ( 0, 0, H) pervade the system. This fluid layer is assumed to be
flowing through an isotropic, homogeneous porous medium of porosity € and medium
permeability k;.

The relevant hydromagnetic equations in porous medium, under Boussinesq approximation,

are

1(9‘2+l(q-\7)qj=—@{H&—"Jg——l{wv’ﬁ}m at (Vxﬁ)xﬁ, (1)
el ¢ P, P, k, ot 4mp,

Vi=0, (2)
E%tr—+(d.V)T = VT, 3)
B %Jr(qv)c - 'VC, @)
VH=0, (5)
€ %? = (f{.V)ﬁ+ enV’H. (6)

where v(=/p,), v’(: H//po),K, e, M, €, ki, " denote respectively the kinematic viscosity,

kinematic viscoelasticity, thermal diffusivity, magnetic permeability, electrical resistivity,

medium porosity, medium permeability and solute diffusivity.
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E=ec+(1-¢€)pscs/ poci, q=€ U where ps, Cs and p, ¢; stand for density and specific heat

for solid and fluid respectively. q is the seepage velocity and U is the pore average velocity.

E'is a constant analogous to E but corresponding to solute rather than heat.

The equation of state is

p=po[1-0(T=To)+ o (C-Co)] | 7
where o is the coefficient of volume expansion and T, C, are temperature and solute
concentration at which p = p,. Here the suffix zero refers to values at the reference level
z=0.

Initially, q= (0,0,0),p=p(z),p =p(2),T= T(2).

Therefore, equations (1) — (6) becomes

=x'V*C, (8)

Let q(u,v, w), op, dp, 6, vy and h( hy, hy ,h, ) denote the perturbation in filter velocity
q(0,0,0), density p, pressure p, temperature T, solute concentration C and magnetic field
H (0, 0, H) respectively.

Substituting the perturbed quantities in equations (1) - (6) , we have

=5 83
r’i/:lﬁml%' Adren

Shimis
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ot €

l(ﬁ+l(ﬁV)a):_M+ 1+§e g—L{V‘FVI‘Q}q‘*’
€ k ot

o po |

Vi=0

E(‘XTTJFG)ME;.V)(T +0) = xV*(T +0),
E’ §(Cat—”)+ @VNC+7)=k'V(C+Y),
V.(H+h)=0,

€ a(ﬁa: h) = (FH H)V]EH enV3(H+h)

H.

4np,

[+ )i )

Therefore, using initial conditions (8), retaining only linear terms, the linearized

hydromagnetic perturbation equations are

- -\ -
lﬂ:_LV6p+g§£—L{V+V' —a-}ﬁ*L—u"—(VXh)XH’
€ ot P, P, k1 ot 4npo
Vgq=0
E@:BW+KV 0,
ot
E/£}l= /w+Klv'2 ,
p B Y
Vh=0,
e%‘z(ﬁ.V)EﬁenVZE

Equation of state, after perturbation, becomes
p+Op=po[1-a(T+8-Ty)+a' (C+y-Co)],

p +8p=po[1-a(T-To)+ o (C~Co)l~atpeh +a'poy
L 8p=—po(0B—ay).

Writing the equations (9) — (14) in scalar form, we have

()

(10)

(an

(12)

(13)

(14)

(15)
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l@:7%§g_LP+w§}+mHFm_%ﬂ’ (16)

et p, ) k ot 4np, | Oz  Ox
oh
1ov__0(dp _L{HV/?_}H mH |y oh, | (17)
€ Ot oy\p, ) k, ot 4np, | 0z Oy
1 ow o { op ] ;0 /
e e—|v+v = wrglab-a 18
e ot &(J h% Va% gla0 -1 o
D N W, (19)
ox oy oz
E— =Bw +xV?0, (20)
E/@:B/W+KIV2‘Y, @2n
ot
ch
LT L (22)
ox oy Oz
oh ou 2
*t=H—+enV'h_, 23
S *)
ch ov
— -H—=+enV’h 24
€ 3 . enV'h,, (24)
ch ow
:=HZ 4 enV’h_, 25
€ 5, TNV h, (25)
: . 0 0 :
Multiply the equations (16) and (17) by ~§and —5 and adding , we get
~2 2 A
lg(iw_)z 02+8_2 6_p__1_[v+vfﬂ}@+ﬁv2hz (26)
€ 0t\ oz ox- oy’ Jp, Kk ot]oz 4mp,
. ... 0p
eliminating — between ( 18) and (26), we get
Po
2 2
10 vy —gob-ay) 2+ —i[wv’ Q}Vszﬂﬁvzh, 27)
€ Ot ox° Oy k, ot 4np, 0z ‘

Also, equations (20) , (21) and (25) give
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E%% -xV’0 = Bw, (28)

E’ %— <'Viy = B'w, (29)

eagt"—eanhz :H%, (30)
2 2 2

where V?= (’fxz +§yz +6azz

DISPERSION RELATION

We now analyse the disturbances into normal modes and assume that the perturbation
quantities are of the form
[w, 0,7, h.]=[W(2),0(2), I'(2), K(2) ] exp(iks x + iky y + nt ) (31

)

where k. and k, are the wave numbers in the x-and y-directions respectively, k = (kf + ki)

is the resultant wave number, and n is the growth rate which is, in general, a complex
constant.

For functions with the dependence (31)

a 2 2 2
~=n 9 0 prangvi=9

x’ oy e

equations (27) — (30) become

n| d? 1 d? uH d| d?
3k wW=—ga®@-aTk? - —[v+vn] -k w2 S E 2k
Gl:dzz j| g((l a )k kl [V v n]{dzz :I 4npo dZI:dZZ } (32)

2

En@—K|:—d—2—k2}®=BW (33)
dz

2

E’nl’—x’{:—z—kz}rﬂyw (34)
Z
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¢ dW
K-en|— -k |[K=H o 35
=° en{dzz ] dz 33

Expressing the coordinates x, y, z in the new unit of lengthd i.e. x =x'd, y = y'd, z = Zd and

lettinga=kd, o = nd* /v, pr=Vv/x,p:=vin, q=V/ K, F= V/ky, P, =ki/d%, equations

(32) «(35) become
v | D? 4’ 2 a’ n,HD| D? a*
—-—= W= O-aT)=-—|p+vn| —-—W+2>—| —-—=K
ed{d2 dz} el e kl[ ][dz dz] 4npod[d2 dz}

[.- o=nd’/v=>n=ov/d’and z=2'd,(dz)* = d*(dz’)? and D = %Z,

d? 4 i)Y 1 D?
therefore - = - :( /) — ==
dz dz(dz’) dz' ) d d

1
_a2]W+k,d2

2

[v+v’n](D2 —a2)W=—§daz—(on®—a’ ) oHD [D2 ]K

4np,d’

/ 2

:12 (D2 ~a2)W + kv,dn2 (D2 —az)W = -%:2—((1@—0(’[‘)+ 4‘:;{];3 [D" —a2]K

o

D -a

ed"

Dividing each term by d*/v ,we get

Z—[Dz—az]\V+%2—(D2—az)W+vl/(d2n(D2—az)Wz—gazdz( o - ’F) HoHd [D2 ]DK
1

nY \% 4np v
%[Dz —aZ]W+—]-(D2 —az)W+c>'F(D2 ~a2)W =_ga2d2 (a@—a F) ;(’Hd [D2 ]DK
v P,V
Hd
2o B o) Moo
Now

dz?
oV D? a?
ESY - [d—z—d—z}G = pW
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OrE%@— :—Z(DZ ~22)0 =pW

Or [Ecsv—ldzz2 +Ka2b _

BW

Or [Ecp,x—rch +Ka2] 0 =pwWd’

Or —K[D2 -a’ —Eop,] 0 =pwWd?

[D2 —a’ - Eop, b = —(B%)W.

2
and E nT-« {-j—z - kzjl I'=B'w becomes
z

/
Or l:E’ %—2—2(1)2 -az)Jr =B'W

(E/CV-K/DZ +K’a2)l" _

Or e

B'W

Or (E/GV—K/DZ +1<’a2)1":[3’Wd2

- «'(D? -a’ ~E'qo)l = p'Wd?

[D2 ~a’ —E'qc]l" = —(B’ %;]W

2
and enK-en d—z——k2 K=Hd—w becomes
dz dz
ey en[D 2 g gDV
d’ d> d? d

or e —K- —

(37

(38)
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2 2
or (ecsv enD2+enal(=HDW
d d
or [e op,n-enD*+¢ naZ] K = HIDW

or —e-:n[D2 —az—pzo] K = HIDW
or  [D?-2’-p,ofK= —(;%JDW. (39)

Applying the operator [D2 -a’- pzo] (D2 -a’ - Ep,cs)(D2 -a’ —E’qo) to the equation

(36) and using equations ( 37) — (39); thus eliminating ®, K, I', we obtain

1

D?-a?)D? -2’ -p,c)D? -a? ~Ep,ckD? a2 -E'qo} 2 + — + oF W
: ' e P
!

~Ra’W(D* -2’ - p,0)D? -a® ~E'qo)+Sa’(D* —a” - p,0)D* -2’ - Ep,c)W (40)
Q0" 7)o ~a7 ~EpoJp® ~a7 - EqapW~0

4
where R = gapd 1s the Rayleigh number

VK

n’! 34

S= g‘—B—/d—— is the analogous solute Rayleigh number and
VK
H2 2
o utd is the Chandrasekhar number
dnp v e

Now consider the case when both boundaries are free as well as maintained at constant
temperature and solute concentrations, while the adjoining medium is perfectly conducting.
The boundary conditions appropriate to the problem are

W=DW=0,0=T=0atz=0 and |

K =0 on a perfectly conducting boundary and 41)
h«, hy, h, are continuous with an external vacuum field on a non-conducting boundary.

The case of two free boundaries is a little artificial but it enables us to find analytical

solutions and to make some qualitative conclusions.
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Using the above boundary conditions, it can be shown that all the even order derivatives of

W must vanish for z = 0 and 1 and hence the proper solution of W characterizing the lowest

mode is :
W =W, sin nz, Where W, 1s a constant
So, DW =7t W, cos 1z

and D*W = —n? W, sin tz
or D’W = —n’W
D= _2 (42)

substituting this value of D? in equation (40), we get

(1r2 +a2)(1t2 +a’+ pzcs)(n2 +a’+ Eplcs)(ﬂ2 +a’+ E’qc)[g+—l—+cF]

e P,
~Ra*(x? +a’ +p,o)(x? +a’ + E'qo)+Sa’(n? +a? + p,o)(x? +a’ + Ep,o) (43)
Q2 +a?)(x? +a% + Ep,cs)(n2 +a’ +E/'qo)n? =0

putting x =a”/ 1>, R; =R/, Qi =Q/n* ,P,=P /7% $,= S/ " and ic; = o / 7%,

it being remembered that ¢ can be complex, equation (43) becomes

(1+x)(1+x +ip,0,)(1+x +iEp,0, ) 1 + x+iE'qc,)[9—’+%+ic,F:|
e

~R,x(1+x +ip,0,)(1+ x +iE'qo, )+ S,x (1 + x +ip,5,)(1 + x +iEp,0,)
+QQ+x)(1+x+iBp,c, )1+ x +iE’qc,):0

or
R =(1+x)[lc—]+l+i0]F:|[]+X+iEp|0|]+Ql(l+X)(1+x+l_Eplcl)+S] (1+x+?E;/),cl)
x Je P x ) (+x+ip,0,) ' (l+x+iE'qo,)

(44)

Equation (44) 1s the required dispersion relation including the effects of magnetic field,
medium permeability, kinematic viscoelasticity and stable solute gradient on thermosolutal

instability of Riviin-Ericksen fluid in porous medium in hydromagnetics.
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THE STATIONARY CONVECTION
When the instability sets in as stationary convection, the marginal state will be characterized

by o = 0. Putting ¢ = 0, the dispersion relation (44) reduces to

(1+x) I+ x

R, = +Q, " +8S,, (45)

which expresses the modified Rayleigh number R, as a function of the dimensionless wave
number x and the parameters S;, Q; and P. The parameter F accounting for the kinematic
viscoelasticity effect vanishes for the stationary convection.

To investigate the effects of stable solute gradient, magnetic field and medium permeability,

we examine the behavior of dR,/dS, , dR;/ dQ, and dR;/dP analytically. Equation (45) gives.

%:1, (46)
1
|

dR 1+x)°

- -( xpz) . (48)

Thus for stationary convection, the stable solute gradient and magnetic field are found to
have stabilizing effects, whereas, the medium permeability has a destabilizing effect on

thermosolutal instability of Rivlin-Ericksen fluid in porous medium in hydromagnetics.

STABILITY OF THE SYSTEM AND OSCILLATORY MODES
Multiplying equation (36) by W' (complex conjugate of W) and integrating over the range

of z and also using (37) - (39) together with the boundary conditions (41) we obtain

1 Lo 242 d?
(%Emp]!w D - )Wdz+g°‘a j@w dz —go‘i rw *dz
4np jw D? -a?)DK =0,
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[§+PL+GF]{[(w‘Dw)L —IDW'DWdz —aszW'dz} L gaa’d

f \%

j’e(';_d'z_j(Dz ~a? ‘Eplc.b.dZ— go'a’d? l r( K ](Dz _ g —Ep,c‘)r‘dz
0

\Y p'd?

{[w _a?k} - ij ’_a )(dz}-

4npo

or

2

1 1
(—+_]_+0FJJ IDW|* +a® | W i KI@ -a’ -Ep,c 'dz
€ P 0 0
fo1, 21
gouca 2 2 / 2
I'D°-a" -E Fdz+ —-a’*-p,o Kdz=0
vy !( p\C 4npv( ) p,o’ K'(D? -a?)

or

1 2
_(_+—+0FJI DW > +a? | W }Jdz - E22 X
0 vp

{[@D@L jD@D@dz aj@@dz

gouca

-Ep,c‘jca@ }+ {[I‘DI‘]:) jDrDrdz aj'rrdz E'qo jrrdz}

jD K" -2’K")(D’K -2’k )dz - p,0"[K 'DK}, —IDK'DKdz—aZIK'Kdz=O
0 0

47t VY

where the integrated part vanishes each time on account of the boundary conditions (41)

//2

[I +chI]+ [I +pch] 0

2
S, Ll.ioF I, - £aa K[I2 +Eplo'13]+
€ P vB

(49)
where

I =HDW ? +a® | W Jdz

)= j{D@ P +a’ | O Mz, I3=j|®|2dz,
0

0

= j’{DrV +a? [T Mz, 1s = j|1‘|2 dz,
0

0
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Is= [{D’K | +22 | DK |* +a* |K | }dz

O Qe —

And
]

I= [{DK[? +a® |K |*Jdz

0
The integral 1, ...I; are all positive definite. Putting 6 = o, + iG; in equation (49) and equating

real and imaginary parts of equation (49), we obtain

1 1

2 2
l+F]l] B0 Kp 1, + 82K g RS0,
v v 4n

/

€ RY (50)
I, goa’ .\ go'x'a? | L heEn, :
P, vB 2 vp’ ) 4np v ¢
and
1 gaa’k ga'x’a® _, B, €N 51
E+FI‘+ " Epnlz‘TE q15_41tpvp217 c, =0 (51)

It is evident from (50) that o, is positive or negative. The system is, therefore, stable or
unstable. It is clear from (51) that o; may be zero or non-zero, meaning that the modes may

be oscillatory or non-oscillatory. The oscillatory modes are introduces due to the presence of

stable solute gradient and magnetic field, which were non-existent in their absence.

THE CASE OF OVERSTABILITY

We discuss the possibility of whether instability may occur as overstability. Since we wish to
determine the critical Rayleigh number for the onset of instability via a state of pure
oscillations, it suffices to find conditions for which (44) will admit solutions with real ;.

Equation (44) can be written as
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(1 +x)[i£+% +io,FJ[1 +x +iEp,o, [l +x +ip201][1 +x +iE’qo,]
€

+Q,(1+x)[1+x +iEp]o,][1 +x +iE’qol]+ S,x(1+x +iEp,5, )1+ x +ip,o,)

R, =
l x(1+x +ip,0, N1 + x +iE'qo, )

(52)
Putting C; = 5,” and b = (1+x) and eliminating R, between the real and imaginary parts of

equation (52), we obtain
/2.2 1 Py | ~2 1 P 22 2|2 72
E'DlQ’(b| —+F |+ B |CF+| b —+F |+E:||E"q" +p7 6" +|QE"q (Ep, -p,)|b
€ €

+(b, ~1)8,p2(Ep, ~E'q)C, {b(l + Fj + E%}b“ +bQ, (Ep, - p, )b’
(S
+(b-1)8, (Ep] - E’q)b2 =0,
or

A2C + A Cl+A,=0, (53)

where A; = E/zq2 pzz{b(l + Fj + E%-}
€

A= b(é + Fj + E%—} [E”q? + p2*} b2+ [Q) E?q” (Ep) — pa)b + (b —1)S, p* (Eps — Elq).

A= b[l +F] + EPPL] b* + bQu(Ep, - p2) b2+ (b -1)S, (Ep, — Elq) b
€

Since o, is real for overstability, both the values of C(=0,%) are positive, equation (53) is
quadratic in C, and does not involve any of its roots to be positive if :

Ep, > p; and Ep, >E’ q, (54)
which imply that

x <En and E' x <Ex’ (55)
Thus k <Enand E'x <Ex’ are the sufficient conditions for the non-existence of
overstability, the violation of which does not necessarily imply the occurrence of

overstability.

31



CHAPTER -11I
Thermosolutal Instability of Rivlin-Ericksen

rotating fluid in Porous medium



INTRODUCTION

The Theoretical and experimental results of the onset of thermal instability in a fluid
layer under varying assumptions of hydrodynamics has been treated in detail by
Chandrasekhar (1961) in his celebrated monograph. The problem of thermohaline convection
in a layer of fluid heated from below and subjected to a stable salinity gradient has been
considered by Veronis (1965). The physics is quite similar in the stellar case in that helium
acts like salt in raising the density and in diffusing more slowly than heat. The conditions
under which convective motions are important in stellar atmospheres are usually far removed
from consideration of single component fluid and rigid boundaries and therefore, it is
desirable to consider a fluid acted on by a solute gradient and free boundaries. The
thermosolutal convection problems arise in oceanography, limnology and engineering.

With the growing importance of non-Newtonian fluids in modern technology and
industries, the investigations on such fluids are desirable. The Rivlin-Ericksen (1955) fluid is
one such fluid. Many research workers have paid their attention towards the study of Rivlin-
Ericksen fluid. Joshi (1976) has discussed the viscoelastic Rivlin-Ericksen incompressible
fluid under time-dependent pressure gradient. Sharma and Kumar (1996) have studied the
thermal instability of a layer of Rivlin-Ericksen elastico-viscous fluid acted on by a uniform
rotation and found that rotation has a stabilizing effect and introduces oscillatory modes in
the system.

In all the above studies, the medium has been considered to be non-porous. When the

fluid permeates a porous material, the gross effect is represented by the Darcy’s Law. As a
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result of this macroscopic law, the usual viscous term in the equation of Rivlin-Ericksen fluid

motion is replaced by the resistance term {—-kl—(uﬁ-p./ gjq},where i and ' are the

i

viscosity and viscoelasticity of the Rivlin-Ericksen fluid, k; is the medium permeability and q
is the Darcian (filter) velocity of the fluid. The problem of thermosolutal convection in fluids
in a porous medium is of importance in geophysics, soil sciences, ground water hydrology
and astrophysics. In many astrophysical situations, the effect of rotation on thermosolutal
convection in porous medium 1s also important.

Keeping in mind the importance in geophysics, soil physics, astrophysics, ground
water hydrology and various applications mentioned above, the thermosolutal instability of a
Rivlin-Ericksen fluid in porous medium in the presence of uniform vertical rotation has been

considered in the present chapter.

PERTURBATION EQUATIONS
Here we consider an infinite, horizontal, incompressible Rivlin-Ericksen fluid layer of

thickness d, heated and soluted from below so that, the temperatures, densities and solute
concentrations at the bottom surface z = 0 are T,, p, , C, and at the upper surface z = d are

T4, pa and Cq4 respectively, and that a uniform temperature gradient 3 (: |dT/dz|) and a
uniform solute gradient ' (: |dC/dz]) are maintained. The gravity field g (0,0, —g) and a

uniform vertical rotation Q(0,0,Q) pervade the system. This fluid layer is assumed to be
flowing through an isotropic and homogeneous porous medium of porosity € and medium
permeability k;. The relevant hydrodynamic equations, under Boussinesq approximation, are

1{og 1 . - \Y op |- / - . =
g(%+g(q-V)qj:——p+(1+—pjg—kl{v+v g}q+§(qxﬂ), (1

o o |

Vg3=0, (2)
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E% +(@.V)T = VT, 3)

E’ %f—+(a.v)c =«'V’C, (4)
and
p=po[1- 0 (T~To)+ ' (C- Co)) (5)

here p, p, T,C, a, o, g and q( u,v, w) denote, respectively, the fluid pressure, density,
temperature, solute concentration, thermal coefficient of expansion, an analogous solvent
coefTicient of expansion, gravitational acceleration and fluid velocity.
here the suffix zero refers to the values at the reference level z = 0. The kinematic viscosity
v, kinematic viscoelasticity v/, the thermal diffusivity k and the solute diffusivity x’ are all
assumed to be constant. E = € + ( 1— €) (ps s / poci ) is a constant and E is a constant
analogous to E but corresponding to solute rather than heat. ps, ¢, p, and c; denote the
density and heat capacity of solid material and fluid, respectively.
Initially,
q=(0,0,0),p=p(z),p =p(2),
T=-Bz+T,,

=-p'z+C,
and

p=po [l +apz-aB'z]

Let op, Op, 6, y and q (u,v, w) denote, respectively, the perturbation in pressure p, density

p, temperature T, solute concentration C and velocity q( 0,0, 0) .

So the change in density &p, caused by the perturbations 6 and y in temperature and solute
concentration, is given by

P +3p=p[1-a(T+0-Ty)+d (C+y-Co)]1,
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or p+6p=p0[l—a(T—To)+a/(C—Co)]—ap°6+a/poy,
L 8p=—pe(a®-ay).

Substituting the perturbed quantities in equations (1)-(4), we have

€

a
V=0

(T +9)

J

E

g A€+
ot

o]

Po

+{GVXT +6) = kV(T +0),

+({GV)(C+y)=x'VI(C+Y).

kl [v+v’§}ij+§(€jxﬁ)

(6)

Using initial conditions and retaining only linear terms, the linearized hydrodynamic

perturbation equations are

1 8q
€ ct

o]

E—(39 =Bw +kV?9,
ot

E’ %{Y_ =B'w+x'V?y,

Writing equations (7) — (10) in scalar form, we have

1w __ofép) 1f
€ ot ox\p, ) k

ed aylp,) k
low __ofdp) 1
e ot oz\ p, ) Kk,

1

u+—v,
€
2Q2
V-—u,
€

! [v+v’ —g—t}ﬁ+é(ﬁxﬁ))

LB (ogp)-glop-ar)-

(7)

(8)

©)

(10)

(1)

(12)

(13)
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CLNNCANCL Y (14)
x o oz

® 2

E—= +xV°6, 15
o Bw +x (15)
E’—gty—:B’wH(’VZy (16)

Eliminating % between ( 11)-(13) and using (14), we obtain
Pao

2 2
lgVZw=g(0L€)—ko 0 + 2 —EQE—LI:V+V/—CZ:|VZW (17)
e ot ot

ax2 ay2

Operating equations(12) by % and (11) by —% and adding , we obtain

lgc—:—i{v+v’gj]C+£@ . (18)
€ ot k, ot € 0z
where C:—a—v——@

ox 0y

denotes the z-component of vorticity.

DISPERSION RELATION

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are
of the form

[w,0,v,0]= [W(2), 0 (2), T(2), Z (2) ] exp(ikx x +ikyy + nt ), (19)

)%

where k, and ky are the wave numbers in the x-and y-directions respectively, k = (ki + k;

is the resultant wave number, and n is the growth rate which is, in general, a complex
constant.

For functions with the dependence (19)

2 2 2
9. ,3;+82:—k2 and V2=d—2—k2
at ox® oy dz
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equations (15) — (18) become

2
En® = wa[—d—-k ]@ (20)
dz?
| d?
Enl=8W +x| —-k*|T, (21)
dz
1| d? , 2Q0dZ 1 d
“n|—-k*W=-gla®@-a'Tk?* -2 — +vn|| —-k*|W
e"Lz2 } el K- dz kl[v V"]Lz2 } ’ (22)
1 2Q dW
—nZ = + +—
€ ,[V e dz (23)

Expressing the coordinates x, y, z in the new unit of lengthd i.e. x=x'd, y=ydand z=24d

and letting

a=kd,oc=nd’/v,p=v/k, q=v/,F= Vv/k, P, = k/d%, equations (20)-(23) become

[D -a’ —Eop,

RoK
[p* -2* ~E'qo]r = ( 97]
[§+PLI+GF:|(D2

S+ LlioF Z=(2de1)w
e P EvV

232
az)W+ga d
v

(a@—o.’l")+

Eliminating ©, I and Z between equations (24)-(27), we get

€ 1

+

{2+PL+0F}(D2 —-a’ —Ep,oXD2 —az)W+Sa2

(24)
(25)
20d” DZ =0, (26)
Ev
(27)
(D2 —a’ —Ep]c)w
(D2 —a’ —E/qc)
T, (D2 -a’ —Ep,c) (28)

D?W =Ra’W

(

—+—+cF

1
P,
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b - / ’ AT

where R = 5.
VK e’ v

Now consider the case where both boundaries are free as well as maintained at constant

temperatures and solute concentrations.
The boundary conditions appropriate to the problem are
W=DW=0,0=0,T=0,DZ=0 atz=0 and 1. (29)
The case of two free boundaries is a little artificial but it enables us to find analytical
solutions and to make some qualitative conclusions. This is the most appropriate for stellar
atmospheres. Using the above boundary conditions, it can be shown that all the even order
derivatives of W must vanish for z = 0 and 1 and hence the proper solution of W
charactenizing the lowest mode is

W =W, sin iz, (30)
where W, is a constant.

DW =1t W, cos nz
and D*W =-n® W, sin nz

D*W = —1*W
or D'=_n? (€2))
substituting this value of D? in equation (28), we get

(nz +a’+ Eplc)
(nz +a’ +E’qa
.\ TA(n2 +a’+ Ep]c)n:2

[9—+L+0F}
€ P

[S+PL+GF:‘(K2 +a’+ Eplchn2 +a2)+ Sa’
€ 5

=Ra?

2
letting x = -, io, = 2P = n°P,, R, =
T

A
a
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(1+x+iEp]cs,)+T (1 +x +iEp,o,)

R - .
| ) ™ fio o
e P :

X

1+x| 10,
€

—+%+ic,F}[1+x+iEp,c,]+S,
(32)
Equation (32) is the required dispersion relation studying the effects of rotation, medium

permeability, kinematic viscoelasticity and stable solute gradient on thermosolutal instability

of Rivlin-Ericksen rotating fluid in porous medium.

THE STATIONARY CONVECTION
When the instability sets in as stationary convection, the marginal state will be

characterized by o = 0. Putting ¢ = 0, the dispersion relation (32) reduces to

(1+x)

1+x)
R = %+T,MP +8S,, (33)

which expresses the modified Rayleigh number R, as a function of the dimensionless wave

number x and the parameters S, T, and P. The parameter F accounting for the

viscoelasticity effect disappears for the stationary convection.
To investigate the effects of stable solute gradient, rotation and medium permeability, we

examine the behaviour of dR,/dS; , dR)/ dT, and dR//dP analytically. Equation (33) yields

dR,

N 34
ds, (34
which implies that the stable solute gradient has a stabilizing effect on the thermosolutal

convection. The adverse solute gradient has destabilizing effect on the system since dR,/dS;

then becomes negative. Equation (33) also yields

dR, :(1+XJP, (35)
dT, X
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The rotation, therefore, has always a stabilizing effect on the thermosolutal instability of
Rivlin-Ericksen rotating field in porous medium.

It is evident from (33) that

dR, __(1+x){(l+x)_T } (36)
dP X P’ |

In the absence of rotation (T, — 0), % is given by

dR, :{(1+x)2} 37)

dP xP?

which is always negative. The medium permeability, therefore, has a destabilizing effect on
the thermosolutal instability of a fluid in the absence of rotation. In the presence of rotation,
the system is unstable or stable if

T, < (or >) ];2" . (38)

STABILITY OF THE SYSTEM AND OSCILLATORY MODES
Multiplying equation (26) by W', the complex conjugate of W, and using
(24),(25),(27) together with the boundary conditions (29) and also integrating over the range

of z, we obtain

1 2 » / / 2 L d ' »
O Lol B, v Epo’, |+ B, 4 Elgel, [+ 42 S+ — 4 67F I, =0,
€ P vp vB e P

(39)

where

L= [{DW ] +a? | W Kz

© ey —

{DO|* +a’ | O |}z,

12=

© ey
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-fior ¢,
0

= [{Dr* +a? | T |* iz,

_d
o!-—.._.

1
1s =j|r|2 dz,
0

|
o= [12[ dz,
0

and integrated part vanishes each time on account of boundary conditions (29).
The integrals 1, ...I¢ are all positive definite. Putting 6 = o, + iG; and equating the real and

imaginary parts of (39), we obtain

[(1+F)I, &E’ I, +d (1+F]16 goa’ “[Ep l13]J
€ vp’ € vp

2 I 1 2 (40)
I
_ L gaa K12+gou</a I, d 4y,

P, vB v P,

and
2
KLF)II_&E I -d (—+F)I LB Epll3}ci:0 41)
€ vp’ € v

It is evident from (40) that o, is positive or negative. The system is, therefore, stable or
unstable. It is clear from (41) that 6i may be zero or non-zero, meaning that the modes may

be oscillatory or non-oscillatory. The oscillatory modes are introduced due to the presence of

rotation, stable gradient and viscoelasticity, which were non-existent in their absence.

THE CASE OF OVERSTABILITY
We discuss the possibility of whether instability may occur as overstability. Since we wish to
determine the critical Rayleigh number for the onset of instability via a state of pure

oscillations, it suffices to find conditions for which (32) will admit solutions with o, real.

4]



Equating real and imaginary parts of equation (32), we have

R1X[1+X —o,zE’q(l+Fﬂ=
P €
2 2 2
[—03(1+FJ (1+x)’ —2cfE’q(l+FJ (1+x) +cfEE’p,q(l+Fj (1+x)
€ € P €

3
~2% Ep,( ](”x) (1+x) —cfEE’p,q(]};x)+TAI(l+x)2—TA‘EE’p,qcf

p p’

+s,x(l;x) S, x zEp( +FJJ

and

iRlx{c( +Fj(1+x)+E’ qp}

[ : ,(1 Jz ( )(]+x) , (1 jz )

11-o,E'q — (1+x)* +26,| —+ -6, Ep,| —+F| (1+x)
€ € p €

1 2
—20,3EE’p,q(—+F)(];—x)+c,E’q (HI;X) +0,Ep, (l;x) +T, 6,E'q(1+x)
€

2

+T, 6,Ep, (1+x) +S,xo,& +Fj(1 +x)+ S]xclE%‘}
Eliminating R, between these, we get
A C P+ AIC +A, =0
where we have put C, = ¢ and b= (1 +x) and

2
Ay = b[LF} E’zq{b(l+Fj+E&}
€ 'S P

A1:

(42)

3 2 2 2
(1+F) b + Ep—‘[l+Fj b*+| E 4 (1+F) b2+ E" g BT (1+F cb-DS,[L+F
€ P le P? \e p? e €

(Ep, —E’q) ]b+[TAIE’2q2E%‘}

1 (1 + | Ep, 1 1 ;
Ao= P_Z( F)b +[ P -T, (E+F)]b3 +[TA]ET)—':|b2 +[P—2(b—l)S,(EpI -E q)a:, (43)
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Since o, is real for overstability, both the values of Ci( = ,?) are positive. Equation (42) is

quadratic in C, and does not involve any of its roots to be positive if
1
Ep,>P’ T, (—+F) and Ep; > Eq, (44)
'\ e

which imply that

3 344
< - 64 ?V d — and Ex<E« (45)
4k k, +v' €)

e® Evid* ; / . .
Thus, « < —) and E'x < E «' are the sufficient conditions for the non

aQ*n'k(k, +v' e
existence of overstability, the violation of which does not necessarily imply the occurrence of

overstability.
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